Abstract. Given a real analytic function f from R 4 to R 2 with isolated critical point at the origin, the link L f of the singularity is a real fibred knot in S 3 . From this singularities, we construct a family of real isolated suspension singularities from R 6 to R 2 such that its links are the total spaces of the nbranched cyclic coverings over the corresponding knots. In this way we obtain as links of singularities, 3-manifolds that does not appear in the complex case, such as hyperbolic 3-manifolds or the Hantzsche-Wendt manifold.
Introduction
In the study of the topology of singularities there is an interaction of several branches of mathematics such as knot theory, low dimensional topology, etc.
In the case of complex singularities, it is known that the 3-manifolds that appear in the study of the topology of these singularities are of a special type: graph manifolds. Graph manifolds were defined and classified by Waldhausen in his thesis [13] and his work together with Grauert's, Mumford's and others, gives an accurate description of what manifolds are links of complex singularities. There is also an algorithmic form of this description made by Neumann in [7] .
Moreover, the 3-manifolds that appear as links of complex singularities are always prime and a natural decomposition of prime 3-manifolds is the JSJ-decomposition. From this point of view, a graph manifold is simply a 3-manifold that only have Seifert-fibred JSJ-pieces. Let us recall that the relevant geometry for simple nonSeifert-fibred pieces is the hyperbolic geometry, i.e., 3-manifolds that appear as links of complex singularities are manifolds that have not hyperbolic pieces in their geometric decomposition.
In this article we show how to construct links of real isolated singularities, that are 3-manifolds, as cyclic covers of real algebraic fibred knots. In particular we present a family of hyperbolic manifolds as links of real singularities. We do this generalising the tools used in [2] . Research partially supported by CONACyT grant "Estancias Posdoctorales y Sabáticas al Extranjero para la Consolidación de Grupos de Investigación". It is greatly appreciated the hospitality of the Department of Mathematics of Columbia University and the Instituto de Matemáticas, Unidad Cuernavaca of the Universidad Nacional Autónoma de México.
Real fibred knots
Let f : (R 4 , 0) → (R 2 , 0) be a real analytic function with isolated critical point at the origin and let
ε be the link of the singularity, where S 3 ε is a sphere centred at the origin, of radius ε > 0, with ε small enough.
By the Milnor fibration theorem in its real version ([6, Theorem 11.2]), there exists a C ∞ -locally trivial fibration
i.e., the link L f is a real fibred knot. Let us see an example.
Example 2.1 ( Figure-eight knot) . In [11] , Perron proved the following result:
where In his review of [11] , Rudolph gives a different polynomial map with isolated critical point such that the figure-eight knot is its link (see [12] ):
. Then, g has isolated critical point at the origin and the figure-eight knot is the link L g of the singularity of g −1 (0) at the origin.
Suspension singularities
Let f : (R 4 , 0) → (R 2 , 0) be a real analytic function with isolated critical point and let
where (x 1 , x 2 , x 3 , x 4 ) ∈ R 4 , z ∈ C and r ∈ N, with r ≥ 2. Using the following result, we obtain that the real analytic map F has isolated critical point:
has an isolated singularity at the origin if and only if h has an isolated singularity at the origin.
Proof. The Jacobian matrix M of h(x 1 , . . . , x n )+z r with respect to the coordinates x 1 , . . . , x n , z,z is given by
where Dh(x 1 , . . . , x n ) is the Jacobian matrix of h with respect to the coordinates x 1 , . . . , x n . Let P : R n ×C → R n be the projection defined by P(x 1 , . . . , x n , z) = (x 1 , . . . , x n ). If h has an isolated singularity at the origin, then Dh(x 1 , . . . , x n ) has rank 2 in a neighbourhood W of the origin except the origin. Let (x 1 , . . . , x n , z) ∈ P −1 (W ). If (x 1 , . . . , x n ) = 0, then Dh(x 1 , . . . , x n ) has rank two. Otherwise z = 0 and the matrix has rank two. Then h(x 1 , . . . , x n ) + z r has rank two at each point of
r has an isolated singularity at the origin, then M has rank 2 in a neighbourhood U of the origin except at the origin itself; in particular M has rank 2 at the points (x 1 , . . . , x n , 0) ∈ U \ {0}; then the matrix Dh(x 1 , . . . , x n , z) has rank 2 in the neighbourhood P(U ) of the origin except at the origin.
denote the link of the singularity of F −1 (0) at the origin. Let ε > 0 be such that any sphere S 5 η with 0 < η ≤ ε intersects transversely
Let us consider the polydisc
ε ′ , |z| ≤ ε} . By [5, Proposition 1.7 and Application 3.8] the link L F is homeomorphic to the intersection F −1 (0) ∩ ∂D 6 . In the sequel we will also denote this intersection by
and let
for some k such that 0 ≤ k ≤ r − 1. We use the Milnor fibration
′ is defined by: 
Proof. Let us prove 1). Let (
and (
On the other hand,
). Now, in order to prove 2), first we prove that diagram (1) is a pull-back diagram. Let Q be the pull-back of ϕ f by −ρ r defined by
Then, by the universal property of the pull-back, there exist a unique map
where ν is the projection on the fifth coordinate, µ is the projection on the first four coordinates and
By (2) any (x 1 , x 2 , x 3 , x 4 , λ) ∈ Q is of the form
where σ = arg(−ϕ f (x 1 , x 2 , x 3 , x 4 )) and for some k ′ such that 0 ≤ k ′ ≤ r − 1. Then q is given by
Notice that diagram (1) can also be seen as P being the pull-back of the r-fold cyclic covering −ρ r by ϕ f , then P is itself a r-fold cyclic covering. Now, let (
consists of only one point. Then P from L F to S 3 is a r-fold cyclic branched covering with ramification locus L f .
Branched coverings of knots
As is mentioned in [10, § 1], given a knot (S 3 , K) and an integer r ≥ 2, the 3-manifold M (K; r) which is the total space of the r-fold cyclic cover of S 3 branched along K is called the r-fold cyclic branched cover of K.
By Theorem 3.2, we have:
Example 4.2. Let g be the polynomial map given by Proposition 2.3. Let G : (R 4 × C, 0) → (R 2 , 0) ∼ = (C, 0) be the polynomial given by
Then, by Corollary 4.1, L G is the r-fold cyclic branched cover of the figure-eight knot. By [10, 14] , the 3-fold cyclic branched cover of the figure eight knot is the Hantzsche-Wendt Euclidean manifold and for r > 3, the link L G is an hyperbolic manifold.
Example 4.3. Perron's construction also gives the Borromean rings as link of a real isolated singularity of a polynomial function from R 4 to R 2 (see [11] ). Let
F (x 1 , x 2 , x 3 , x 4 , z) = f (x 1 , x 2 , x 3 , x 4 ) + z r , r ∈ N .
Then L F is the r-fold cyclic branched cover of the Borromean rings. By [10, 14] , the 2-fold cyclic branched cover of the Borromean rings is the Hantzsche-Wendt Euclidean manifold and for r ≥ 3, the link L F is an hyperbolic manifold.
By [3] , it is known that examples of non-trivial singularities appear for functions from R 4 to R 2 and it would be interesting to have more concrete examples, however, it is hard enough to determine if a knot is fibred or not; other problem is to find if there is possible to realise the knot with only one real analytic function from R 4 to R 2 with isolated critical point and then to find the equation.
In recent years there have been found some families of real polynomial functions that can give examples in this particular case, as polar weighted homogeneous polynomials (see [4, 8] ), mixed functions ( [9] ), etc. It remains to study what kind of knots appear for functions of these kinds.
